We describe a probability distribution on isomorphism classes of principally quasipolarized p-divisible groups over a finite field k of characteristic p which can reasonably be thought of as "uniform distribution," and we compute the distribution of various statistics (p-corank, a-number, etc.) of p-divisible groups drawn from this distribution. It is then natural to ask to what extent the p-divisible groups attached to a randomly chosen hyperelliptic curve (resp. curve, resp. abelian variety) over k are uniformly distributed in this sense. This heuristic is analogous to conjectures of Cohen-Lenstra type for char k = p, in which case the random p-divisible group is defined by a random matrix recording the action of Frobenius. Extensive numerical investigation reveals some cases of agreement with the heuristic and some interesting discrepancies. For example, plane curves over F 3 appear substantially less likely to be ordinary than hyperelliptic curves over F 3 .
Introduction
Let q be a power of a prime p, and let C/F q be a genus g hyperelliptic curve with affine equation
where f is chosen at random from the set of monic squarefree polynomials of degree 2g + 1. We can think of F q (C) as a "random quadratic extension of F q (t)," and ask about the probability distribution (if there is one) on arithmetic invariants of C. For example: if is an odd prime not equal to p, one can ask about the distribution of the -primary part of the ideal class group Cl(F q (C)) -or, equivalently, the group of F q -rational points of the -divisible group J(C)[ ∞ ]. The distribution of Cl(F q (C))[ ∞ ] is the subject of the Cohen-Lenstra conjectures [CL84] , which predict that the probability distribution on the isomorphism classes of Cl(F q (C))[ ∞ ] approaches a limit, the so-called Cohen-Lenstra distribution, as g → ∞. More precisely, Cohen and Lenstra proposed this conjecture for the class groups of quadratic number fields, but it was quickly understood (see e.g., [FW89] ) that the underlying philosophy was just as valid for hyperelliptic function fields.
Much less effort has been devoted to the case where = p, perhaps because this question about function fields has no obvious number field analogue. Nonetheless, it is quite natural to ask whether the p-adic invariants of random hyperelliptic curves over F q (or random curves, or random abelian varieties) obey statistical regularities. For example:
What is the probability that a random hyperelliptic curve has ordinary Jacobian?
More precisely: let P o (q, d) be the proportion of the q d − q d−1 monic squarefree polynomials f (x) over F q of degree d such that the curve C f with equation y 2 = f (x) has ordinary Jacobian. Then we ask: does lim d→∞ P o (q, d) exist, and if so, what is its value? Of course one can ask similar questions about other invariants of the p-divisible group of Jac(C f ), such as a-number, p-rank, Newton polygon, or final type.
One can interpret the Cohen-Lenstra conjecture as an assertion that the -divisible group of Jac(C f ) behaves like a "random principally polarized -divisible group over F q ." (This point of view begins with Friedman and Washington [FW89] and has subsequently been refined by Achter [Ach06] , Malle [Mal10] , and Garton [Gar12] .) A principally polarized -divisible group of rank 2g over F q is the same thing as an abelian group isomorphic to (Q /Z ) 2g , equipped with a nondegenerate symplectic form ω and an automorphism F satisfying ω(F x, F y) = qω(x, y). In other words, F is chosen from a certain coset of Sp 2g (Z ) in GSp 2g (Z ). Choosing F at random with respect to Haar measure then specifies a notion of "random -divisible group of rank 2g over F q ," which allows us to compute notions like "the probability that a principally polarized -divisible group of rank 2g over F q has no nontrivial F q -rational point." Moreover, as g goes to infinity, this probability approaches a limit; when q is not congruent to 1 mod , the limit is
which is precisely the Cohen-Lenstra prediction for the probability that Jac(C f )[ ∞ ](F q ) is trivial.
In the same way, one might ask whether the p-divisible group of Jac(C f ) is in any sense a "random principally quasi-polarized p-divisible group over k." The first task is to define this notion. A p-divisible group over F q is determined by its Dieudonné module, a free Z q := W (F q )-module with some extra "semilinear algebra" structures. It turns out that there is a natural correspondence between principally quasi-polarized Dieudonné modules of rank 2g over Z q a certain double coset of Sp 2g (Z q ) in the group of Z p -linear transformations of Z 2g q .
From this description one obtains a probability measure on principally quasipolarized Dieudonné modules, and thus on principally quasi-polarized p-divisible groups over k. In §3 we study the statistics of several natural invariants of random principally quasi-polarized p-divisible groups, and show that these approach limiting distributions as g goes to infinity. For example, we prove Proposition 1.1. The probability that a random principally quasi-polarized p-divisible group of rank 2g over F q has a-number r approaches
as g → ∞.
In particular, the probability that a random principally quasi-polarized p-divisible group of rank 2g over F q is ordinary approaches
(1 − q 1−2j ).
(1)
We call the infinite product in (1) the Malle-Garton constant, since it is the same constant that occurs in the work of the two named authors on conjectures of Cohen-Lenstra type over fields containing a pth root of unity.
We also compute some statistics for the p-rank and the group of F q -rational points of a random principally quasi-polarized p-divisible group G; for instance, we find that the probability that the p-rank of G is g − 1 (one smaller than maximum) is
and the probability that the group of F q -rational p-torsion points has dimension r (as an F p -vector space) is exactly the Cohen-Lenstra probability
The notion of "random p-divisible group" having been specified, it remains to ask whether the p-divisible groups of random hyperelliptic Jacobians act like random p-divisible groups. In §4, we gather some numerical evidence concerning this question. The results are in some sense affirmative, but display several surprising (to us) features.
For instance, the probability that a random hyperelliptic curve over F 3 is ordinary does not appear to approach the value given in (1). Rather, it is apparently converging to 2/3. However, it does not seem that lim d→∞ P o (q, d) = 1 − 1/q in general. For instance, P o (5, d) appears to be converging to (1−1/5)(1−1/125) = 0.7936, which is a truncation of the second infinite product in (1). For larger q, the difference between P o (q, d) and
is too small to detect reliably from our data. We have no principled basis to make a conjecture about the precise value lim d→∞ P o (q, d) but our data is certainly consistent with the hypothesis that the limit exists, and that
goes to −∞ as p grows. One might speculate that the discrepancy between experiment and heuristic is a result of our restriction to hyperelliptic curves. What if we consider random curves, or even random principally polarized abelian varieties, more generally? The moduli spaces M g and A g are both of general type for large g, making it hopeless to sample curves or abelian varieties truly at random. But one can at least study various rationally parametrized families. We find that the proportion of ordinary plane curves over F 3 is indistinguishable from
In other words, plane curves over F 3 are substantially less likely than hyperelliptic curves to be ordinary. We have no explanation for this phenomenon. The proportion of ordinary plane curves over F 2 does not seem to be
; the data is consistent, though, with the hypothesis that (3) holds for plane curves as well as hyperelliptic curves.
In §4, we discuss the geometry of various strata in the moduli space of hyperelliptic curves, and what relationship the statistical phenomena observed in §4 bear to the geometry of these spaces.
From p-divisible groups to Dieudonné modules
Let k be a perfect field of characteristic p. We briefly recall the classification of finite flat group schemes of p-power order and of p-divisible groups over k afforded by (covariant) Dieudonné theory. Some general references on these topics are [Dem72] , [Fon77] , [Gro74, II-III] and [Tat67] . Readers already familiar with this story may skip immediately to the next section.
Let G be a finite commutative k-group scheme of p-power order. 1 We denote by G ∨ the Cartier dual of G, and note that one has a canonical "double duality" isomorphism G ∨∨ G. We write F G : G → G (p) and V G : G (p) → G for the relative Frobenius and Verscheibung morphisms, respectively, and when G is clear from context we will simply write F r and V r for the r-fold iterates of relative Frobenius and Verscheibung, defined in the obvious way.
Note that by definition, the composition of F and V in either order is multiplication by p. Since k is perfect, there is a canonical decomposition of G into itsétale, multiplicative, and local-local subgroup schemes
which is characterized by:
• Gé t is the maximal subgroup scheme of G on which F is an isomorphism.
1 The order of G is by definition the dim k (A) where G = Spec(A).
• G m is the maximal subgroup scheme of G on which V is an isomorphism.
• G ll is the maximal subgroup scheme on which F and V are both nilpotent (in the sense that F n = V n = 0 for all n sufficiently large).
For ∈ {ét, m, ll}, the formation of G is functorial in G, and there are canonical identifica-
For a group G of p-power order that is killed by p, the nonnegative integers
are called the p-rank and a-number of G, respectively, where α p = Spec(k[X]/X p ) is the unique simple object in the category of p-power order groups over k which are killed by p and are of local-local type. 2 We say that G is of α-type if G α m p for some m ≥ 1. Remark 2.1. Let G be a k-group of p-power order that is killed by p.
1. For any extension k /k contained in k, one has a(G) = dim k Hom gps/k (α p , G k ) so the a-number is insensitive to algebraic extension of k.
2. A finite k-group of p-power order that is killed by p is of α-type if and only if its relative Frobenius and Verscheibung morphisms are both zero. It follows easily from this that G has a unique maximal subgroup of α-type, which we denote by
, so a(G) is the largest integer m for which there exists a closed immersion α m p → G of k-group schemes.
3. As the inclusion Gé t (k) → G(k) is an equality, the p-rank of G is the nonnegative integer f for which |G(k)| = p f , and one will often see the p-rank of G defined this way.
In the special case that
The right side of the equation above is often used as a definition of f (G) in the literature, since then the definitions for p-rank and a-number look more alike.
Attached to G is its (covariant) Dieudonné module, D(G), which is a finite length W (k)-module equipped with a σ-semilinear additive map F : D → D and a σ −1 -semilinear additive map V : D → D which satisfy F V = F V = p. We view D(G) as a module over the Dieudonné ring: this is the (generally) noncommutative ring A k generated over W (k) by two indeterminates F and V which satisfy the relations F λ = σ(λ)F , V λ = σ −1 (λ)V and 
There is a natural isomorphism of left
where D := D(G ) for ∈ {ét, m, ll}. These A k -submodules are characterized by:
• Dé t is the maximal submodule of D on which F is bijective.
• D m is the maximal submodule of D on which V is bijective.
• D ll is the maximal submodule of D on which both F and V are nilpotent.
By definition, a p-divisible (= Barsotti-Tate) group over k of height h is an inductive system G := {(G v , i v )} v≥0 of finite k-group schemes, with G v of order p hv , such that
is an exact sequence of k-group schemes for all v ≥ 0. The two prototypical examples are
, with i v the obvious closed immersions in each case. We will be primarily interested in the p-divisible groups associated to abelian varieties:
is naturally a p-divisible group, with i v the canonical closed immersion. We recall that the dual of G is by definition the inductive system
The double-duality isomorphisms at finite level compile to give a canonical isomorphism of pdivisible groups G ∨∨ G over k. Similarly, the decomposition (4) induces a corresponding splitting G = Gé t × k G m × k G ll with each G the inductive system of the G v , and we say that G isétale if G = Gé t and so forth.
3 For any τ ∈ Aut(k) and any τ -semilinear additive map Ψ : D → D, we define the dual of Ψ to be the
This map exists as the exactness of (5) forces the multiplication by p map on Gv+1 to factor through iv.
Furthermore, there are natural identifications (G
A principal quasi-polarization of a p-divisible group G is an isomorphism λ : G − → G ∨ with the property that the composition G ∨∨ → G ∨ of the canonical double duality map G ∨∨ G with λ coincides with −λ ∨ . We say that G is principally quasi-polarized, or pqp for short, if it is endowed with a principal quasi-polarization. If G = A[p ∞ ] for an abelian variety A, then any polarization of degree prime to p on A induces a principal quasi-polarization on G.
The Dieudonné module of a p-divisible
. It follows easily from Theorem 2.2 (1) and definitions that D(G) is free of rank h as a
and we define the p-rank and a-number of G to be the corresponding p-rank and a-number of G[p] := G 1 . From Theorem 2.2 we obtain: Theorem 2.3. The functor G D(G) from the category of p-divisible groups over k to the category of left A k -modules which are finite and free over W (k) is an equivalence of
1. D is a free W (k)-module of rank h, and F , V uniquely determine each other.
There is a natural isomorphism of left
where D := D(G ) for ∈ {ét, m, ll}. These A k -submodules are characterized by
• D ll is the maximal submodule of D on which F and V are topologically nilpotent.
4. G is pqp if and only if there exists a symplectic (= perfect, bilinear, alternating) form
) and let F := F mod p and V := V mod p. Then the p-rank of G is the "infinity rank" of F , i.e. the k-dimension of the maximal subspace of D on which F is bijective. The a-number of G is the k-dimension of ker F ∩ ker V .
In view of Theorems 2.2 and 2.3, we will often abuse terminology and say that a Dieudonné module has some property if the corresponding p-divisible group or finite group scheme has this property, and vice-versa.
We will be interested in the category BT 1 of commutative group schemes G over k of p-power order that are killed by p which arise as the p-torsion in a Barsotti-Tate group over k. This is equivalent to the condition that the sequence
is exact. An object of BT 1 is called a truncated Barsotti-Tate group of level 1, or a BT 1 for short. We will write DBT 1 for the category of finite F q -vector spaces equipped with semilinear additive maps F and V satisfying F V = V F = 0 as well as im(F ) = ker(V ) and ker(F ) = im(V ). We note that the Dieudonné module functor restricts to an equivalence of categories BT 1 → DBT 1 , and that, for example, µ p and Z/pZ are BT 1 's whereas α p is not. A principal quasi-polarization of a BT 1 is a homomorphism λ : G → G ∨ with the property that the induced bilinear form ψ : D(G)×D(G) → k on the Dieudonné module of G is symplectic. A pqp DBT 1 is simply the Dieudonné module of a principally quasi-polarized BT 1 .
Remark 2.4. The condition that ψ is symplectic implies that λ is an anti-selfdual isomorphism, i.e. that λ ∨ coincides with −λ via the double duality identification G ∨∨ G. If char(k) = 2, then these two conditions are in fact equivalent. In characteristic 2, however, there exist anti-selfdual isomorphisms λ : G → G ∨ which do not induce a symplectic form on the Dieudonné module, basically because there are (skew) symmetric forms in characteristic 2 which are not alternating. In general, if G is a p-divisible group over k prolonging G, then any principal quasi-polarization on G induces a principal quasi-polarization on G. Our definition of a principal quasi-polarization on a BT 1 is identical to that found in [Moo01, §2.6] and [Oor01, §9.2].
Statistics of random Dieudonné modules
In this section we define a probability distribution on the isomorphism classes of pqp Dieudonné modules (D, F, V, ω) of rank 2g over Z q . To this end, we fix D = Z 2g q , with standard basis {e 1 , . . . , e 2g } and corresponding standard symplectic form ω, and we will think of F and V as the entities to be chosen randomly. We will say that a σ-semilinear
is a pqp Dieudonné module, or equivalently if F V = V F = p and ω(F x, y) = σ(ω(x, V y)) for every x, y ∈ D. Observe that V is uniquely determined by F , if it exists.
For simplicity of notation we say "σ-endomorphism" (resp. "σ-automorphism") to mean "σ-semilinear endormorphism" (resp. "σ-semilinear automorphism"). Suppose given a pautodual endomorphism F of D. We note first of all that F D ⊂ D is a subgroup of index q g containing pD; in particular, the quotient F D/pD is a subgroup of D/pD isomorphic to (F q ) g . For any x, y ∈ D, we have
so that F D/pD is an isotropic (whence maximal isotropic) subspace of the symplectic F qvector space D/pD. We denote D/pD by W .
Let By a random pqp Dieudonné module (D, F, V, ω) of dimension 2g we mean one in which F is chosen randomly from F(D) with respect to the above probability measure, and V is determined from F . When there is no danger of confusion we denote (D, F, V, ω) simply by D.
If X is a statistic of Dieudonné modules (such as a-number, or dimension of local-local part) we denote by E g (X) the expected value of X(D) where D is a random pqp Dieudonné module of rank 2g. The statistics of interest to us are those where E g (X) approaches a limit as g → ∞; in this case we denote the limit by E(X) and refer to it as the expected value of X for a random pqp Dieudonné module, the "large g limit" being understood. If P is a true-or-false assertion about Dieudonné modules, the "probability that a random Dieudonné module satisfies P " is understood to mean the expected value of the Bernoulli variable which is 1 when P holds and 0 otherwise.
We define F(D) to be the reduction of F(D) modulo p, with its inherited probability distribution. In other words, if F 0 is the reduction of F 0 to a σ-endomorphism of W , then F(D) is Sp(W )F 0 Sp(W ), with the probability distribution obtained by pushforward from the Haar measure (i.e., the counting measure) on Sp(W ) × Sp(W ). If F is an element of F(D), then F is a σ-endomorphism of W whose kernel is a maximal isotropic subspace of W . The reduction ω of ω provides an isomorphism λ : W → W ∨ between W and its F q -linear dual, and we set V := λ −1 • F ∨ • λ. Note V is then a σ −1 -endomorphism of W satisfying V F = F V = 0, and that in fact (W, F, V, ω) is a pqp DBT 1 .
By a random pqp DBT 1 we mean a DBT 1 (W, F, V ), endowed with the sympletic form ω, obtained as above by choosing a random element of F(D). Statistics of random pqp DBT 1 are again understood to be computed in the large g limit.
In this paper, we will restrict our attention almost entirely to invariants of p-divisible groups which depend only on the associated DBT 1 , such as a-number and p-corank. It should certainly be possible to compute the statistics of more refined invariants (e.g., Newton polygon) but with the aim of avoiding ungrounded speculation in the context of abelian varieties, we have mostly restricted ourselves to invariants for which we have collected substantial experimental data on Jacobians on curves.
The kernel and image of F are maximal isotropic subspaces of W of dimension g; we denote by F the σ-isomorphism from W/ ker F to F W induced by F . The following proposition provides a useful description of a random pqp DBT 1 in terms of ker F, im F , and F .
Proposition 3.2. Let (W, F, V, ω) be a random pqp DBT 1 . Then (ker F, im F ) is uniformly distributed on the set of pairs of maximal isotropic subspaces of W , and F is uniformly distributed among σ-isomorphisms from (W/W 1 ) to W 2 .
Proof. The action of Sp(W ) × Sp(W ) is transitive on pairs of maximal isotropic subspaces, and the probability distribution on F(D) is invariant under this action; this gives the first assertion. Now suppose that we condition on ker F = W 1 and im F = W 2 ; let F(D, W 1 , W 2 ) be the subset of F(D) satisfying this condition. Then F(D, W 1 , W 2 ) is still invariant under left multiplication by the subgroup of Sp(W ) preserving W 2 ; this subgroup is in fact isomorphic to GL(W 2 ) and permutes the choices of F transitively. This yields the second assertion.
The definitions given here may seem somewhat unsatisfactory; our "random DBT 1 " is in some sense more like "a random DBT 1 with a choice of Z q -basis." We show below that our definition conforms with a more intrinsic definition of random DBT 1 . The groupoid formalism used here will not return again until the proof of Proposition 3.10.
Definition 3.3. Let G be a finite groupoid; that is, G is a groupoid with finitely many isomorphism classes of objects and finite Hom sets. The uniform distribution on G is the unique distribution on isomorphism classes of objects whose mass on an isomorphism class c is inversely proportional to the number of automorphisms of an object in c. We say a finite set of objects S in G is uniformly distributed in G if the probability that a random element of S lies in an isomorphism class c is given by uniform measure.
The desirability of counting objects with weights inversely proportional to the size of their automorphism group has been known at least since Siegel's mass formula; as regards general groupoids we learned the formalism from Baez and Dolan.
It is clear that an equivalence between groupoids G 1 and G 2 carries uniform measure on G 1 to uniform measure on G 2 . (This is just the groupoid version of the fact that a bijection of sets transports counting measure from one to the other.) Similarly, if S is a finite set with a free action of a group Γ, the pushforward from S to S/Γ of uniform measure on S is uniform measure on S/Γ. The following easy proposition records the fact that the same is true in the groupoid setting.
Proposition 3.4. Let S be a finite set, let Γ be a finite group acting on S, and let S/Γ be the groupoid whose objects are S and whose morphisms from s to s are group elements γ in Γ such that γ · s = s . Then the objects of S are uniformly distributed in S/Γ.
Proof. The probability that a random s in S lies in the Γ-orbit Γs 0 of a fixed s 0 ∈ S is precisely |Γs 0 |/|S| = 1/ Aut S/Γ (s 0 ).
We now explain how this formalism applies in the present context. Let (W, ω) be a F q -vector space of dimension 2g endowed with a nondegenerate symplectic form. Let S be the set of σ-endomorphisms F : W → W whose kernel is a maximal isotropic subspace of W . Note that S is in bijection with the set of triples (W 1 , W 2 , F ) described in Proposition 3.2; in particular, a random DBT 1 of rank 2g is the same thing as a random element of S in uniform distribution. Now the group Γ = Sp 2g (F q ) acts on S by changes of basis preserving the symplectic form. And the groupoid S/Γ is equivalent to the category of (Dieudonné modules of) principally quasi-polarized BT 1 's. Thus, a random pqp DBT 1 , in our sense, is a random principally polarized DBT 1 in the sense of Definition 3.3.
The above discussion is rather formal, but we will see that the groupoid viewpoint is quite convenient in the proof of Proposition 3.10.
The a-number of a random pqp DBT 1 Let (D, F, V ) be a DBT 1 over F q . By Theorem 2.2 (4), the a-number of D is the kdimension of the intersection ker F ∩ ker V ⊆ D; by definition of the category DBT 1 we have
Proposition 3.5. The probability that a(D) = r is
Proof. The a-number does not depend on F , so we are computing the probability that two random maximal isotropic subspaces of a large symplectic space over F q intersect in a subspace of dimension r.
Let W be a 2g-dimensional symplectic space. The number of maximal isotropic subspaces in W is
By the symplectic version of Witt's Theorem, the symplectic group Sp(W ) acts transitively on the pairs of maximal isotropic subspaces with r-dimensional intersection; so to count the number of such pairs, it suffices to compute the size of the stabilizer of such a pair in Sp(W ). Suppose for instance that the pair is given by V 1 = e 1 , . . . , e g , V 2 = e 1 , . . . , e r , e g+r+1 , . . . , e 2g .
Then the stabilizer of the pair (V 1 , V 2 ) is the group of matrices of the form
where A lies in the parabolic subgroup preserving e 1 , . . . , e r and B is symmetric, having zero (i, j) entry when i > r and j > g + r.
The order of this group is
so the number of pairs of maximal isotropics with r-dimensional intersection is
Dividing (8) by the square of (7) yields
which, as g goes to infinity with r fixed, approaches the desired quantity.
Remark 3.6.
(1) We note that this prediction is in keeping with the fact that the locus of abelian varieties with a-number at least r in A g /F q has codimension r+1 2 .
(2) The work of Poonen and Rains [PR12] posits that the mod p Selmer group of a random quadratic twist of a fixed elliptic curve should be distributed like the intersection of two random maximal isotropics in an orthogonal vector space. They show that the mod p Selmer group actually does arise as the intersection of two maximal isotropics -the question, then, is whether these isotropics are in fact "uniformly distributed"
in an appropriate sense. Our situation is similar; the a-number of a pqp p-divisible group is indeed the dimension of the intersection of the two maximal isotropics F W and V W in the symplectic vector space W , and one is asking whether these maximal isotropics are distributed uniformly when W arises from an abelian variety.
(3) The conjectured distribution of the a-number is the same as the distribution on the dimension of the fixed space of a random large symplectic matrix over F q , which was computed in an unpublished work by Rudvalis and Shinoda [RS88] (see [Ful00] for a review of their results and an alternative proof). This distribution also appears in the conjectures of Malle [Mal10] and Garton [Gar12] as the conjectured distribution of p-ranks of ideal class groups of number fields containing pth roots of unity. In the class group context, the relationship with the fixed space of a random symplectic matrix is motivated by the analogy between number fields and function fields, where the symplectic matrix describes the action of Frob on p-adic cohomology.
The a-number of D is 0 if and only if D is ordinary. We thus have the following corollary.
Corollary 3.7. The probability that a random pqp Dieudonné module is ordinary is
In problems of Cohen-Lenstra type, it is often the case that moments of variables have nicer formulae than probability distributions do. The present situation is no exception. Proof. In the language of the present paper we claim that Because the distribution of X agrees with the distribution on the dimension of the fixed space of a random matrix g in Sp(W ) (see Remark 3.6 (3)), it suffices to show that the number of injections from an m-dimensional vector space into the fixed space of g has the desired expected value. By Burnside's Lemma, this is the same as the number of orbits of Sp(W ) acting on the set of injections i : F m q → W . By the symplectic version of Witt's Theorem, two such injections i 1 , i 2 are in the same orbit if the symplectic forms i * 1 and i * 2 agree; so the number of orbits is just the number of alternating bilinear forms on an m-dimensional vector space, which is q ( m 2 ) as claimed.
The p-corank of a random pqp DBT 1
Suppose that X(D) is a statistic which is invariant under symplectic change of basis, i.e., under conjugation of F by Sp(W ). As above, by Witt's Theorem all pairs of maximal isotropic subspaces with intersection dimension r are in the same orbit of the symplectic group. Thus, to compute the expected value of X(D) conditional on a(D) = r, it suffices to compute the expected value of X(D) for a fixed choice of W 1 and W 2 , and F chosen uniformly from the σ-isomorphisms from W/W 1 to W 2 . The composition
is then a σ-endomorphism of W 2 of rank g − r, and in fact is chosen uniformly from the set of such σ-endomorphisms. When W 2 = im F , the σ-endomorphism φ is just the map F W → F W induced by F . In particular, the p-corank of the p-divisible group attached to D is precisely the corank of φ ∞ .
Proposition 3.9. Let 0 ≤ r ≤ s be integers. Then the probability that the a-number of D is r and the p-corank of D is s is
Proof. We first show that the probability that a random σ-endomorphism of a g-dimensional vector space V has rank g − r approaches
as g goes to infinity. Indeed, the map φ → (V → im φ, im φ) defines a bijection between σ-endomorphisms φ : V → V of rank g − r and pairs (ψ, W ) where W ∈ Gr g,g−r (F q ) is a subspace of V of dimension g − r and ψ : V → W is a σ-semilinear surjection. For a given such W , there are
such σ-semilinear surjections (indeed, the σ-semilinear surjective maps V → W correspond to surjective linear mappings σ * (V ) → W , and σ * (V ) is an F q -vector space of dimension g). Considering the stabilizer of the natural action of GL g on Gr g,g−r shows that
Dividing the product of (11) and (12) by | M g (F q )| yields q −r 2 g−r−1 i=0
which, as g goes to infinity with r fixed, approaches the quantity of (10). By [Hol11] , for integers g > s ≥ r ≥ 0 the number of σ-endomorphisms of V such that rank(M ) = s and rank(M ∞ ) = r is
It follows that the probability that a random σ-endomorphism of V has rank(M ∞ ) = g − s, conditional on rank(M ) = g − r approaches
as g approaches infinity. Multiplying (13) by the constant in Proposition 3.5 yields the desired result.
Summing (9) with s fixed and r between 1 and s gives the probability that the p-corank of D is s; for example, the probability that the corank is 1 is q −1 ∞ i=1 (1 + q −i ) −1 , and the probability that the corank is 2 is (q −2 + q −3 )
The group of F q -rational points of a random pqp DBT 1 Let G be a BT 1 with Dieudonné module W . The group G(F q ) of its F q -rational points is the subgroup of G(F q ) fixed by Frob q . Proposition 3.10. The group of F q -rational points of the group scheme associated to a random pqp DBT 1 has cardinality p d with probability
Proof. We again use the description of φ (from the proof of Proposition 3.9) as a random corank-d σ-endomorphism of the g-dimensional vector space F W . Let (X, Y, φ X , φ Y ) be a quadruple where X ⊕ Y = F W is a direct sum decomposition, φ X is a nilpotent σ-endomorphism of X with corank d, and φ Y is a σ-automorphism of Y . Then φ X ⊕ φ Y is a corank-d σ-endomorphism of F W . Conversely, any choice of a corank-d σ-endomorphism φ yields a quadruple as above by taking Y to be the subspace of F W on which φ acts invertibly and X the subspace on which φ acts nilpotently. So a uniformly chosen corank-d σ-endomorphism of F W is the same as a uniformly chosen quadruple (X, Y, φ X , φ Y ). In particular, the action of F on F ∞ W is precisely φ Y , which is drawn uniformly at random from the set of σ-automorphisms of Y . Now Y is itself a Dieudonné module, on which F is bijective. Fix a positive integer N . Let D p be the category of rank-N p-torsion Dieudonné modules with F q coefficients on which F is bijective, G p the category of rank-Nétale group schemes over F q killed by p, and F p the category of N × N matrices over F p . The morphisms from x to y are, respectively: isomorphisms of Dieudonné modules from x to y; group scheme isomorphisms from x to y; changes of basis intertwining x and y. All three of these categories are finite groupoids and all three are equivalent.
The (14) as N = dim Y → ∞. It is easy to see from Proposition 3.9 that dim Y is larger than any constant multiple of g with probability 1; this finishes the proof.
Corollary 3.11. The expected number of surjections from a random pqp BT 1 to the constant group scheme (Z/pZ) d is 1.
We note that the distribution produced here is identical with the Cohen-Lenstra heuristic for the distribution of p-ranks of imaginary quadratic fields. This is quite natural when one considers the p-torsion in the Jacobian of a random hyperelliptic curve C over a finite field. When the field has characteristic p, a heuristic of the form "random hyperelliptic curves have random pqp DBT 1 " would suggest that the finite abelian p-group Jac(C)[p](F q ) is distributed according to the Cohen-Lenstra law -in other words, that the conjectural distribution of Jac(C)[p](F q ) is exactly the same whether C is defined over a finite field of characteristic p or of characteristic prime to p (as long as the field contains no pth roots of unity.)
In the case where C is defined over a finite field k whose characteristic is prime to p, the results of [EVW12] prove that the dth moment in Corollary 3.11 is indeed 1 as long as |k| is sufficiently large relative to p and not congruent to 1 mod p. It would be interesting to see whether there is any way to adapt the methods of [EVW12] to prove that similar statements hold in characteristic p.
Other statistics and questions: final types and Newton polygons
We discuss some further problems which fit into our general framework, but which we have not investigated.
A more refined invariant of a DBT 1 of dimension 2g is the final type, a g-tuple τ = (x 1 , . . . , x g ) of non-decreasing integers such that x 1 ∈ {0, 1} and x i+1 ≤ x i + 1. Such a tuple determines the isomorphism class of the corresponding group scheme over an algebraic closure of F q and, conversely, any such tuple arises as the final type of a DBT 1 ; see [Pri08, 2.3] . We note that, unlike a-number and p-rank, the final type of a DBT 1 depends on F and V , not just their restrictions to the maximal isotropic subspaces ker F and ker V .
Another invariant of a Dieudonné module D is its Newton Polygon -setting q = p m , the Newton polygon of D has, for every root α (counted with multiplicity) of the characteristic polynomial of F m , a segment of slope ord p (α)/m; when q = p this is just the Newton polygon of the characteristic polynomial of F . The Newton polygon determines D up to isogeny; see [Man63, II, §4.1]. We note that, unlike the a-number, p-rank, or the final type, the Newton polygon of a Dieudonné module D is not determined by D/pD. The question of which Newton polygons are compatible with which final types is a subject of active research [Oor04] .
Questions.
(1) The p-rank of a Dieudonné module is equal to the number of segments of the Newton polygon of slope zero; a natural generalization of Theorem 3.9 is thus the following. Our expectation is that the probability distribution on the Newton polygon of D ll , conditional on the p-corank of D being c, should be given by the probability distribution on Newton polygons of nilpotent p-autodual matrices on Z 2c p . We expect that one can compute this distribution by force for small c.
(3) One can generalize either of these questions by picking, for each g, a subset S g of the set of possible Newton polygons (resp., final types) and asking for the proportion of Dieudonné modules whose appropriate invariant lies in S g . Of course, some conditions on S g will be necessary to ensure that the proportion approaches a limit. An example where we expect a positive answer would be that in which S g is the set of final types with τ g−1 = g − 1 − s for a fixed integer s.
Random curves, random abelian varieties, and random pdivisible groups
So far, the content of this paper has been purely combinatorial; we have computed moments and distributions of various statistics on random pqp BT 1 's and random p-divisible groups.
In practice, pqp p-divisible groups typically arise from motives. In this section, we address the question of whether p-divisible groups arising from random members of a family of abelian varieties are random p-divisible groups in the sense of (15) below. Let M 1 , M 2 , . . . be a family of schemes (or Deligne-Mumford stacks) and let A i be an abelian scheme over M i . The three cases we will consider are:
• M g = H g , the moduli space of hyperelliptic genus g curves, and A g the Jacobian of the universal curve;
• M g = M g , and A g the Jacobian of the universal curve;
• M g = A g , and A g the universal abelian g-fold.
We say that the p-divisible groups associated to such a family are "random" with respect to a statistic X if
Which of these families, with respect to which statistics, yield random p-divisible groups? In this section we discuss the numerical evidence concerning this question, and some geometric properties of strata of moduli spaces in characteristic p which seem closely related to the statistics in the first part of the paper.
Relation with geometry of moduli spaces
In this short section we record some remarks about the relationship between the heuristics presented here and the cohomology of moduli spaces of curves and abelian varieties in positive characteristic. There are no theorems in this section, only suggestive relationships between conjectures.
The prediction that the mod p Dieudonné module of the Jacobian of a random hyperelliptic curve over F q is a random pqp DBT 1 implies, in particular, that
where H no g denotes the non-ordinary locus, a divisor in H g . (One can make an analogous guess with M g in place of H g .) Thus, the heuristic goes hand in hand with a belief that the non-ordinary locus is an irreducible divisor, at least for all sufficiently large g -otherwise, the ratio would have leading term n/q instead of 1/q, where n is the number of F q -rational components of H no g .
We emphasize that almost nothing is known about the irreducibility of the non-ordinary locus in H g or M g (see [AP08, §3.2] and [AP11,  §3.7] ). The non-ordinary locus in A g , by contrast, is known to be irreducible.
For a family of curves over F q with random p-divisible groups, Proposition 3.9 shows that the proportion of curves with a-number r and p-corank s has leading term q −( r+1 2 )+r−s , which suggests that the locus of cuves with a-number r and p-corank s is an irreducible locally closed subvariety of codimension r+1 2 + r − s. This is in fact the codimension in A g of the locus of abelian varieties with a-number r and p-corank s (see [Pri08, 2.3]); so the heuristics arising from random Dieudonné modules can be read as supportive of (or supported by) the expectation that various natural loci of curves intersect the strata in A g /F q with the expected dimension.
The heuristic (16) can also be used to make guesses about the cohomology of various strata in H g and M g . For example: suppose that the restriction map from the cohomology of M g to the cohomology of the closed subscheme M no g were an isomorphism in some large range. Then one might expect the ratio M no g (F q )/M g (F q ) to be very close to 1/q, contrary to what the heuristic predicts. Proving any implication of this kind is well out of reach -the Betti numbers of M g grow superexponentially in g, so even with control of the cohomology groups in some large range there is no hope of using Weil bounds to get a good approximation to M g (F q ) [dJK00] .
For hyperelliptic curves, the situation is a bit more legible. For simplicity, write X n /F p for the configuration space parametrizing monic degree-n squarefree polynomials f (x), and let X no n be the closed subscheme parametrizing those polynomials such that the hyperelliptic curve
is non-ordinary. It is easy to check that |X n (F q )| = q n − q n−1 when n ≥ 1; moreover, thé etale cohomology of X n is concentrated in degrees 0 and 1. If (16) holds, we would have
This suggests that X no n has cohomology beyond the classes pulled back from X n ; for instance, there should be a cohomology class in some even degree generating a subspace on which Frobenius acts with trace q n−3 . Moreover, this class might be expected to vanish when char F q = 3, since the numerical data below suggests that in characteristic 3 the proportion of non-ordinary hyperelliptic curves is precisely 1/q.
Problem. Construct such a class in the locus of non-ordinary hyperelliptic curves.
Corollary 3.11 says that, on average, a random DBT 1 admits a single surjection to (Z/pZ) d . Thus, in a family of curves X with random p-divisible group, parametrized by a moduli scheme M , the average number of surjections from Jac(X)(F q ) to (Z/pZ) d is 1. This suggests that the moduli space M p,d is irreducible, where M p,d is the moduli space parametrizing curves X in M together with a level structure Jac(X) → (Z/pZ) d . And this irreducibility for every d suggests that the monodromy representation of the moduli space of ordinary curves in M on the g-dimensional space ofétale p-torsion in Jac(X) has image containing SL g (F p ). In fact, one could refine Corollary 3.11 to apply under supplementary conditions on p-corank, a-number, etc. -and the result would be a prediction that, on any of these p-adic strata, the monodromy in theétale p-torsion of Jac(X) has full image. In fact, such theorems are already known in the case M = M g [AP08] and M = H g [AP11, §3.7]. It seems reasonable to hope that the results of the those two papers could be used to prove that random hyperelliptic curves and random curves satisfy a weak version of the heuristic suggested by Corollary 3.11, where a limit q → ∞ is taken prior to the limit g → ∞. This would be exactly analogous to the method used by Achter in [Ach06] to derive a similarly weakened Cohen-Lenstra conjecture from a large-monodromy theorem in -adic cohomology.
Experiments
The tables below contain experimental information about the distribution of a-numbers and orders mod p of Jacobians of hyperelliptic and plane curves.
The constants appearing in the tables are defined as follows. As in Theorem 3.5 we define the constant MG(q, r) to be
Similarly, for a finite group G of p-power order we define the Cohen-Lenstra probability to be
and, finally, we define the truncated Malle-Garton constant to be
(1 − q 1−2j ). Table 1 contains distributions of a-numbers of Jacobians of hyperelliptic curves; we explain below how the computations were done. As noted in the introduction, the data suggests that the probability that the Jacobian of a random hyperelliptic curve has a-number 0 does not approach the value given by our heuristics. Rather, for q = 3 the data suggests that the true probability is 2/3 = TMG(3; 1), and for q = 5 it suggests 0.7936 = TMG(5; 2). To verify this, for q = 5 we took exhaustive data for low g (i.e., computed the a-number of the Jacobian of every hyperelliptic curve of genus g). For larger g it is unreasonable to do an exhaustive computation; for g = 21 we computed the a-numbers of the Jacobians of 819200000 random hyperelliptic curves, and indeed the proportion which were ordinary was closer to the truncated constant. For q > 5, we did not generate enough data to distinguish between the Malle-Garton constant and the truncated variant.
It is natural to ask what the "truncated" version of MG(q, r) should be for larger values of r. For instance, the proportion of hyperelliptic curves over F 3 with a-number 1 appears to converging to a value 0.296.... What limiting value (presumably a power series in 1/3) is suggested by this experimental result? Table 2 contains distributions of a-numbers of Jacobians of plane curves. The sample sizes are necessairly smaller than those of Table 1 (see the comments in the next section).
The data for q > 2 agrees well with our heuristics, and in particular the truncation phenomenon disappears (or the discrepancy from heuristics is too small for us to measure.) For q = 2, the data does not agree with our heuristics, and for this fact we have no conceptual explanation. In particular, we do not see an explanation for this discrepancy along the lines of Theorem 4.2 below.
Table 3 (resp., Table 4 ) contains the proportion of hyperelliptic curves (resp., plane curves) C such that p | Jac C (F q )| (where p = char F q ). For q = 2 (resp. p > 2) the data is consistent with the heuristics suggested by Proposition 3.10. For C hyperelliptic, since one can efficiently compute the zeta function of Jac C (and can thus detect when p exactly divides | Jac C (F q )|) we also report the probability that Jac
Remark 4.1. We find in Table 4 a notable divergence between experiment and heuristic for smooth plane curves in characteristic 2; it appears that for plane curves X of odd degree over F q with q = 2 m , the order of Jac(X)(F q ) is almost always even. This was puzzling to us until we realized that the behavior had a natural explanation; so natural that in fact we can prove that the behavior persists for plane curves of every odd degree.
Theorem 4.2. Let d be a positive odd integer, let k be a finite field of characteristic 2, and let F ∈ k[X, Y, Z] be a homogeneous degree d form cutting out a smooth curve X in P 2 /k. Suppose furthermore that at least one monomial X a Y b Z c with two odd exponents has nonzero coefficient in F . Then | Jac(X)(k)| is even. In particular, the proportion of smooth degree-d plane curves X/k with | Jac(X)(k)| even goes to 1 as d goes to ∞.
Proof. Let 1 , 2 be distinct linear forms, and let ω be the exact differential d( 1 / 2 ) on X. The divisor of ω is automatically a square, since locally one is just computing the derivative of a Laurent series in k((t)), and all such derivatives lie in the field of squares k((t 2 )). Let D be the divisor such that 2D = div(ω); then D is evidently a half-canonical divisor, and its divisor class is independent of the choice of ω (see e.g., [SV87, §3] .)
On the other hand, the canonical class on a degree-d plane curve is (d − 3) times the hyperplane class. Thus, the divisor (1/2)(d−3) div( 2 ) is also a half-canonical. The difference between these two half-canonicals is a 2-torsion point on Jac(X)(k); it remains to show that this point is nonzero under the given conditions.
which is a square only if dF/d 1 is the square of a homogeneous form of degree (1/2)(d − 1). It is easy to see that this is equivalent to the failure of the condition in the theorem.
We remark that the converse to Theorem 4.2 does not hold; even when the two halfcanonicals constructed in the proof do agree, there is no reason there might not be another F q -rational 2-torsion point on Jac(X).
Methods of computation
Let C be a curve over F q and let (W, F, V, ω) be the pqp DBT 1 associated to the p-torsion subgroup scheme of the Jacobian of C. Then there exists a canonical isomorphism W ∼ = H 1 dR (C) such that the induced action of F (resp., V ) on H 1 dR (C) is equal to the action of Frobenius (resp., the Cartier operator) [Oda69, Section 5], and ω agrees with the cup product pairing. The actions of F and V respect the Hodge filtration
Moreover, the action of F on H 0 (X, Ω) is visibly trivial and, dually, V (H 1 dR (C)) = H 0 (X, Ω); in particular, there exists a basis of H 1 dR (C) with respect to which the semilinear maps F and V correspond to the matricies
where A, B, C, D ∈ M g (F q ). Since ker V = im F , it follows that a(W ) = dim(ker F ∩ ker V ) is equal to the nullity of A; by duality this is the same as the nullity of D. The matrix A is called the Cartier-Manin matrix of C. When C is a hyperelliptic curve with affine equation y 2 = f (x), there exists a basis of H 1 dR (C) with respect to which A is given by the explicit formula (c pi−j ), where f (x) p−1 2 = c k x k and p = char F q ; see [Yui78] for details. In particular, one can quickly compute the Cartier-Manin matrix, and thus a-number, of a hyperelliptic curve.
Moreover, one can efficiently compute | Jac C (F q )| mod p (where q = p r ) from the CartierManin matrix. Indeed, | Jac C (F q )| = P (1), where P is the characteristic polynomial of the rth power of Frobenius acting on H 1 et (C; Q ) for any = p; P has integral coefficients and its reduction mod p is equal to the characteristic polynomial of the rth power of Frobenius acting on H 1 dR (C). Choosing a basis so that the matrix corresponding to F is as in (17), F r will be of the form and it thus suffices to compute the value of the characteristic polynomial of D at 1. We can therefore quickly compute the order of Jac C (F q ) mod p from the Cartier-Manin matrix of C.
When C is a plane curve, we do not know of an explicit formula for A or D in terms of the coefficients of the defining equations of C. There is however an algorithm, implemented as Magma's CartierRepresentation function, which, for a particular curve C computes a representative of A. This computation is much slower than in the hyperelliptic case; accordingly, the sample sizes are smaller for plane curves.
Magma code which performs these computations can be found at the Arxiv page for this paper or at the third author's web page [CEZB] . 
